We present a three-dimensional nonlinear finite element formulation for dielectric elastomers. The mechanical and electrical governing equations are solved monolithically using an implicit time integrator, where the governing finite element equations are given for both static and dynamic cases. By accounting for inertial terms in conjunction with the Arruda-Boyce rubber hyperelastic constitutive model, we demonstrate the ability to capture the various modes of inhomogeneous deformation, including pull-in instability and wrinkling, that may result in dielectric elastomers that are subject to various forms of electrostatic loading. The formulation presented here forms the basis for needed computational tools that can elucidate the electromechanical behavior and properties of dielectric elastomers that are used for engineering applications.
Introduction
Dielectric elastomers are a class of soft active materials, enabling electromechanical transduction and soft machines (Carpi et al., 2010; Brochu and Pei, 2010; Suo, 2010) . When a membrane of a dielectric elastomer is sandwiched between two compliant electrodes and subject to voltage, the membrane reduces thickness and expands area. This phenomenon has led to many designs of transducers with broad applications, including artificial muscles for soft robots and adaptive optics, as well as generators to harvest energy from human walking and ocean waves.
Further development of dielectric elastomer transducers demands accurate and efficient computational methods. The transducers involve nonlinear electromechanical coupling, and are often structures of tensegrity-hybrids of soft membranes in tension and hard materials in compression. Voltage-induced deformation can be very large (Pelrine et al., 2000; Keplinger et al., 2008) , typically limited by electromechanical instability (Wissler and Mazza, 2005a; Plante and Dubowsky, 2006; Norris, 2008; Kollosche and Kofod, 2010) . Furthermore, the electromechanical instability can be harnessed to achieve giant voltage-induced deformation (Zhao and Suo, 2010; Koh et al., 2011; Keplinger et al., 2012) .
For a computational approach to be broadly useful, finite element method is anticipated. Several papers have appeared on the finite element method for dielectric elastomers Vu et al., 2007; Zhou et al., 2008; O'Brien et al., 2009; Wissler and Mazza, 2005b; Wissler and Mazza, 2007) . The approaches of Zhao and Suo (2008) and O'Brien et al. (2009) are similar in that neither formulation accounted for the full electromechanical coupling, i.e. electrostatic effects were accounted for via inclusion in the mechanical free energy, while no electrostatic governing equation was solved. The approaches of Vu et al. (2007) and Zhou et al. (2008) are similar in that both utilized finite deformation, fully coupled electromechanical equations that were solved neglecting inertia. While the work of Vu et al. (2007) did not consider electromechanical instabilities, such effects were considered by Zhou et al. (2008) , though difficulties in tracking the entire history of the electromechanical instability were found due to the static formulation. Wissler and Mazza (2007) solved the coupled electromechanical problem using Poisson's equation for the electrostatics, though again, electromechanical instabilities were not considered. Overall, it is clear that a key unresolved issue in numerical modeling of dielectric elastomers is the ability to capture inhomogeneous deformation accompanying electromechanical instability. This paper presents a three-dimensional finite element method for dielectric elastomer transducers. To capture electromechanical instability, we include inertial effects and solve the mechanical and electrical governing equations monolithically. We give the resulting finite element equations, comment on their structure as compared to the quasistatic case, and then present examples of instability and inhomogeneous deformation.
Nonlinear field theory of dielectric elastomers
Our finite element method is formulated on the basis a nonlinear electromechanical field theory ; see a recent review of the theory of dielectric elastomers (Suo, 2010) . Here we summarize the essential equations.We evolve in time the state of a dielectric elastomer transducer subject to electromechanical loads. Name each material particle of the transducer by its coordinate X when the transducer is in a reference state. At time t, the material particle moves to a place of coordinate x. The function x(X, t) describes the deformation of the transducer in time. Define the deformation gradient by
Let U(X, t) be the electric potential of material particle X and time t.
Define the nominal electric field bỹ
The nominal stress s iJ satisfies the statement of virtual work:
where n i (X) is an arbitrary vector function, B i the body force, q the mass density, and T i the traction. The nominal electric displacement D I satisfies the statement of virtual work:
where g(X) is an arbitrary scalar test function, q the volumetric charge density, and x the surface charge density. In (3) and (4), the integrals are carried out over material particles-that is, over volume and surface in the reference state of the transducer. The mechanical equation (3) includes inertia, while the electrical equation (4) is electrostatic. Essential boundary conditions can be applied via the displacement and electric potential, while natural boundary conditions can be applied via traction and electric charges.
To focus on main ideas, we will not be concerned with any thermal effects. The thermodynamics of the dielectric elastomer is specified by a free-energy functionŴ. Associated with small changes dF and dẼ, the free energy changes by
To ensure that the free energy is invariant with respect to rigidbody rotation, the free energy depends on the deformation gradient through the tensor C IJ = F kI F kJ . Consequently, (5) 
Once the functionŴðC;ẼÞ is specified for a dielectric elastomer, (6) gives the equations of state. At a given state ðF;ẼÞ, (6) can be linearized as
where the tangent moduli are (Zhou et al., 2008) 
3. Finite-element discretization
We adopt the standard finite-element discretization for both the displacement field and the electric potential:
where N a (X) are shape functions, u a (t) is the nodal displacement and U a (t) is the nodal electric potential; the sum is taken over all nodes. We adopt the same discretization for the test functions:
This Bubnov-Galerkin approximation converts (3) and (4) into the discretized form: 
The coupled ordinary differential equation (13) and algebraic equation (14) evolve the two columns (u(t)) and U(t).
Quasistatic formulation
In the quasistatic formulation (i.e. neglecting inertia), (11) becomes a nonlinear algebraic equation of the nodal values of displacement and electric potential. The simultaneous nonlinear algebraic equations (11) and (12) may be solved by using the Newton-Raphson method (Vu et al., 2007; Zhou et al., 2008) . In the incremental form, (11) and (12) becomes
The matrices K mm , K me , and K ee have elements of the forms, respectively,
The columns f m and f e have elements of the forms, respectively,
The Newton-Raphson method breaks down when the Hessian in (15) is singular. The singular Hessian also corresponds to the condition of electromechanical instability .
Dynamic formulation
If inertial effects are considered, the governing equations are different in structure from those of Vu et al. (2007) and Zhou et al. (2008) , who did not consider inertial effects. We use inertia to capture physical details that may arise during the electromechanical softening and instability of the dielectric elastomer. Furthermore, the simple nature of including inertial effects to capture the electromechanical instability stands in contrast to the complex arc-length (Belytschko et al., 2002) or continuationtype methods that can also be utilized to capture the post-instability response for materials.
Let t n and t n+1 be two consecutive discrete times, and let
etc. We use the Newmark implicit dynamic integrator (Belytschko et al., 2002; Hughes, 1987) :
The integrator is unconditionally stable if the parameters are set to b = 1/4 and c = 1/2.
At time t n+1 , the coupled ordinary differential equation (13) and algebraic equation (14) become
In deriving (19), we have combined (13) and (18). Eqs. (19) and (20) are coupled nonlinear algebraic equations for (u
) by using the Newton-Raphson method. The iterative equation takes the form
This is a nonlinear algebraic equation for (Du n+1 , DU n+1 ). The equation is solved repeatedly to improve the root of (u n+1 , U n+1 ). At each iteration, the current values of (u n+1 , U n+1 ) are used to evaluate the Hessian and the right-hand side. Observe that the matrix M is positive-definite. When the time step Dt is sufficiently small, the Hessian will remain nonsingular.
Model of ideal dielectric elastomers
An elastomer is a three-dimensional network of long and flexible polymers, held together by crosslinks. Each polymer chain consists of a large number of monomers. Consequently, the crosslinks have negligible effect on the polarization of the monomers-that is, the elastomer can polarize nearly as freely as a polymer melt. As an idealization, we may assume that the dielectric behavior of an elastomer is exactly the same as that of a polymer melt. This model of ideal dielectric elastomers has the free energy of the form 
where W stretch (C) is the free energy of the elastomer in the absence of electric field, e is the permittivity of the material, J = det F is the determinant of the deformation gradient.
In an elastomer, each individual polymer chain has a finite contour length. When the elastomer is subject no loads, the polymer chains are coiled, allowing a large number of conformations. Subject to loads, the polymer chains become less coiled. As the loads increase, the end-to-end distance of each polymer chain approaches the finite contour length, and the elastomer approaches a limiting stretch. On approaching the limiting stretch, the elastomer stiffens steeply. This effect is absent in the neo-Hookean model, but is represented by Arruda and Boyce (1993) model: Fig. 1 . Deformation of a dielectric elastomer subject to applied charge loading for N = 2.8 as obtained using static and dynamic FEM formulations. Fig. 2 . Deformation of a dielectric elastomer subject to applied charge loading for N = 6 as obtained using static and dynamic FEM formulations. 
The incompressibility condition that is required for accurate modeling of dielectric elastomers is enforced approximately through the parameter k, which represents the bulk modulus; specifically, it is enforced through a penalty-like manner by taking the ratio of k/l (or the ratio of the bulk modulus to the shear modulus) to be a large value, typically on the order of 10 4 -10 6 , where the upper bound value of k/l = 10 6 is used in the present work to maximize the convergence rate. The free energy of the ideal dielectric elastomer given in (24) neglects creep and other dissipative effects, in particular viscoelasticity and current leakage. Dissipative effects can easily be included in the free energy, see for example see Hong (2011) and Foo et al. (2012) for dissipative effects. We also note that a comparison between the theory of the ideal dielectric elastomer and experiment was recently made in a simple setting by Huang et al. (2012) : a membrane under equi-biaxial dead loads and ramping voltage.
The analytic expressions of the free energy derivatives that are needed for the various stresses and moduli are now given as follows 2 @ŴðC;ẼÞ
The nominal electric displacement can be written as
The tangent moduli that are required for the weak form can be obtained by taking the second derivatives of the free energy function to give 4 @ 2 WðC;WÞ 2 @ 2 WðC;ẼÞ
and @ 2 WðC;ẼÞ
Numerical results
We embed the above model into the Sandia-developed simulation code Tahoe (2011) using regular meshes of 8-node hexahedral elements. The values for the material constants in the free energy in (26) were l = e = 1 and k = 1,000,000. In all cases where an applied potential boundary condition was applied, it is assumed that the electrodes are sufficiently compliant such that they do not constrain the deformation of the dielectric elastomer film. Furthermore, the initial conditions for the mechanical domain were always set to zero, i.e. the initial displacements and velocities of all nodes were set to zero for all examples considered below.
Homogeneous deformation: static vs. dynamic comparison
Our first example is the homogeneous deformation of a dielectric elastomer sandwiched between two compliant electrodes. The stability of the homogeneous deformation has been analyzed analytically in Keplinger et al. (2012) . The electrostatic boundary conditions were specified such that the voltage was zero at one electrode (on the Ày surface), while the charge at the other electrode (the +y surface) was increased monotonically. The dimensions of the dielectric elastomer were l = w = h = 1, which was discretized by a single 8-node hexahedral finite element. The purpose of this example is to demonstrate the ability to capture the electromechanical instability through the inclusion of inertial effects.
The results as shown in Figs. 1-3 are similar to those obtained by Zhou et al. (2008) in that as N is increased, the quasistatic calculation fails before the electromechanical instability occurs due to non-convergence of the solution; we note that the onset of the electromechanical instability corresponds to a softening in the voltage-charge curve in Figs. 1-3 .
However, if the dynamic formulation is utilized, the large deformation behavior and electromechanical instability is captured for various values of N. In particular, it can be seen that for Figs. 1-3 , the dynamic formulation captures not only the initial softening of the voltage vs. charge curve, but then the subsequent stiffening that occurs at large values of applied charge. Because the dynamic problem is time-dependent, the values shown in Figs. 1-3 correspond to the converged values of potential and charge that result at each time step. We also plot in Fig. 1-3 the corresponding analytic solution obtained for this problem . It is clear that for all values of N, the dynamic FEM formulation captures the homogeneous deformation and electromechanical instability very accurately as compared to the analytic solution.
Inhomogeneous deformation: freestanding 3D film
We now present three-dimensional examples to demonstrate the capability of the proposed dynamic formulation in capturing electromechanical instabilities in 3D dielectric elastomers. Our first example is that of a free standing film, with dimensions 15 Â 3 Â 15 in the x, y and z-directions, respectively. 675 8-node hexahedral finite elements with a regular edge length of 1 were utilized to discretize the film. There were no mechanical constraints on the film, while two different electrostatic boundary conditions were used. For the first, the Ày surface of the film was kept zero electric potential, while the +y surface of the film was subject to a monotonically increasing value of applied charge. For the second, the Ày surface was also kept zero potential, while the +y surface of the film was subject to a monotonically increasing value of potential. The condition of using a potential difference to induce the deformation of the dielectric elastomer is the standard approach that has been utilized experimentally over the past decade; however, Keplinger et al. (2008) recently demonstrated a new experimental technique by which charge, and not potential loading could be used to deform the dielectric elastomer. Fig. 4 shows the time history of deformation of the elastomer under charge loading. As can be seen going from Fig. 4(a) to (b) , the initially undeformed film in Fig. 4 (a) undergoes significant contraction in the thickness (y)-direction and expansion in the lateral (x and z)-directions, where the inhomogeneous deformation that occurs due to the softening in the voltage vs. charge curve in Fig. 5 is illustrated in Figs. 4(b)-(d) . Specifically, after the peak of the voltage vs. charge curve is passed as shown in Fig. 5 , the film begins flexing in different modes, first about the z-axis in Fig. 4(c) , and then about both the xy and xz-axes in Fig. 4(d) . The dynamic formulation enables the resolution of the time-dependent instability modes as shown in Fig. 4 that may be obscured by analyzing the voltage vs. charge curve alone, as it can be observed that those curves are similar for the film in Fig. 5 , and for the single element curve undergoing homogeneous deformation in Fig. 2 . The deformation of the elastomer under potential loading is shown in Fig. 6 ; it is clear that the deformation history is significantly different than that under charge loading in Fig. 4 . In particular, under potential loading, the elastomer undergoes the wellknown pull-in instability when the maximum in the voltagecharge curve is reached whereby the elastomer expands rapidly in the planar directions, as shown in Figs. 6(b) and (c), while undergoing a corresponding reduction in film thickness. Specifically, the increase in film area in going from Fig. 6(a) to (c) is about 527%, while the corresponding reduction in film thickness is nearly 94%. Due to this enormous increase in film area and thus biaxial tensile strain shown in Fig. 6(c) , the film is unstable under further potential loading, and a snap-back wrinkling instability is then observed, in Fig. 6(d) , after which failure of the dielectric elastomer film occurs. This simulation makes clear that charge loading offers more flexibility in terms of enabling the elastomer to explore a significantly larger configurational space of deformations and thus possible actuation motions after the electromechanical instability has occurred.
Inhomogeneous deformation: wrinkling of a quasi-3D strip
Our final numerical example demonstrates the ability to capture localized electromechanical instabilities, such as wrinkling (Plante and Dubowsky, 2006) . For this example, we considered a quasi-3D strip of dielectric elastomer with dimensions 120 Â 4 Â 1; this geometry is similar to the ''cuboid'' geometry studied by Kofod (2008) , and also the case of an elastomer attached to a rigid substrate, i.e. Wang et al. (2011) . The strip was discretized with 480 8-node hexahedral finite elements with a regular element spacing of 1. The axial length of the strip was kept fixed in the x-direction, while the bottom (Ày) surface of the strip was fixed from moving in the y-direction. Finally, the strip was not allowed to deform in the z-direction. An electrode corresponding to zero applied voltage was applied to the bottom (Ày) surface of the strip while the electrostatic loading was applied through an applied voltage on the top (+y) surface of the strip. Fig. 7(a) shows the undeformed configuration, while Fig. 7 (b) shows the wrinkled configuration of the elastomeric strip. The deformation history prior to wrinkling is interesting due to the fact that the wrinkling in Fig. 7(b) occurs almost immediately after a very small amount of compressive strain in the strip, on the order of <0.01%, is achieved. This suggests that a snap-through like path to the wrinkling instability is followed, where this hypothesis can be verified by analyzing the voltage vs. charge curve for the 3D elastomeric strip in Fig. 8 . There, the wrinkling instability is detectable via the reduction in the slope of the voltage-charge curve, and thus a reduction in the film capacitance, at a normalized voltage of about 12. After formation of the wrinkles, the wrinkles are observed to propagate along the surface of the strip under further electrostatic loading. The remainder of the voltage-charge curve corresponds to the time history of the wrinkling instability, with eventual failure of the 3D strip at a normalized voltage near 16.
We also considered a quasi-3D strip with both active and passive regions, to conduct simulations similar in spirit to recent experimental studies (Pelrine et al., 2000; Plante and Dubowsky, 2006) in which the voltage was applied to only the (active) central region of the 3D strip, which was one half the total length of the strip, while two outer (passive) regions of the strip, each of which was one quarter the total length of the strip, were not subject to any applied electrostatic loading. This type of decomposition is typically performed experimentally to access the true material response of the dielectric elastomer by limiting the effects of stress concentrations that occur at the fixed ends of the dielectric elastomer. There were no kinematic constraints between the active and passive regions except the usual displacement continuity that is mandated and automatically enforced by the finite element approximation. Even for this case, we found that while the buckling instability initiated in the active region, it soon propagated to the passive region, thereby causing instability and buckling of the entire strip, similar to what is demonstrated in Fig. 7(b) .
Conclusions
In conclusion, we have presented a nonlinear finite element formulation for the analysis of dielectric elastomers. We have demonstrated that by accounting for inertial effects in the governing mechanical equation of motion, inhomogeneous deformation modes, such as the pull-in instability and wrinkling, that result from electromechanical instabilities and that are the key factors in limiting the performance and reliability of dielectric elastomer transducers, can be captured and analyzed. Having demonstrated the robustness of the proposed finite element formulation, it is clear that it is suitable for future implementation in commercial finite element codes like ABAQUS or COMSOL to study electromechanical instabilities in dielectric elastomer transducers.
